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THE GAUSSIAN AND MEAN CURVATURE

OF ONE SPECIAL TYPE OF SURFACES

Milog KANKA
College of Polytechnics, Jihava, Czech Republic

ABSTRACT

In (Kanka el al., 2009) we studied the Gaussian curvature
and Mean curvature of a special surfaces (1) as nonpara-
metrically defined surfaces. There are different ways in
which surfaces of type (1) can be parametrized. The aim
of this paper is to give formulas for Gaussian and Mean cur-
vature of one type of special surfaces of the form
¢+ 2§ +25 =1, where a€R, a>0, a# 1. (1)
To reach the formulas of Gaussian and Mean Curvature, we
use in this remark parametrical description of (1) in the form

g(z1,x2) = (x1, 2, f(x1,22)),

:c;;:f(acl,mg):(l—w‘l"—xg)é, 1—2zf—25>0.
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INTRODUCTION

The aim of this paper is to give basic geometrical charac-
teristics (Gaussian and Mean curvature) of special surfaces
of type (1). First and second fundamental forms and Wein-
garten map are used to give general formulas of Gaussian
curvature and Mean curvature.

The General Example of Parametrically Defined Special
Surfaces (1)

The tangent and normal vectors at the arbitrary point
x = (z1,22,23) €S are:

9z = (17 0, fwl ("131,:1)2)),
9zy = (07 1, fzz (m1712))7
n = (_fw1 (1171,"132), _f:t2 (131,[1)2), 1) .

In case of surface (1) the tangent vectors and the normal
vector have the form

_ a1
9., = |10, m+a_1 ,
(1 —af —ag) =
a—1
gzz = 07 17 #‘H )
(1-af —a9)"s

-~ xi"_l xg‘_l
"= a aye=t’ a aye=t’ L
(I —af —2z§) « (I -z —2§) =

@)

)
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It is also possible to rewrite vectors (2) and (3) in the form

-1
1\ @
gzl = (17 07 - (.'Zf_3) > )

The unit normal N has the form
1

T 2a—2 | 2a-2 , 2a-2.1°
(7 + x5 +x3 )2

The equation N - N =1 gives

(N-N), =0, and (N-N), =0 =

(4)
= 2-N-N,; =0, and 2-N-Ng, =0.
From (4) follows that N, , N4, € T (S). We can express
the vecors N,, and N, asalinear combination of the
bases of T, (S), where x = (z1,x2,x3). So we have

Nz, = a119;, + 01294, 5)
ng = @219, + (22 G5, -
From (5) follows
Nz, -9y = ai1gin + ai29i12,
Nz -9y, = ai1912 + a12922,
or ®)
Nz, gy = a21911 + a22912,
Nzy -9y, = a21912 + a22922,
where functions
x?a—2
gin =1+ 1 55
(1- 2§ —29)™
(zl . a:2)o¢—1
gi2 = 5o
(I —zf —x5) @
x20¢—2
g2 =1+ 2 —
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which can be also written in the form

g1 =1+ (2)2‘1*2’
3
() )"
g12 = | — B )
x3 3
g22 = 1 + (E)QQ_Q,
x3
are the coefficients of the first fundamenal form
g11 dx? + 2g12 dx; dxo + g2 dx3.
On the other hand we have
N-g,, =0= Ng, ‘g, + N gz, =0=
= N gy 0, = —Nuy -Gy,
N-g, =0= Ny, -g,, +N g, 5, =0=
- N-gmw2 =—Ng, 9o,
and analogically
N-g,,=0= Nuy g,, +T N gp,p, =0=
= N gupey = —Nay " guy,
N-gz2 =0= Ng, ~gzz+N~gmlI2 =0=
S N'Qzlzg =—Nyg, "Gy
The functions
Guii=N- g, 5,
Gi12=G21 =N -G, 4,
Ga2 =N -g,,,,
are the coefficients of the second fundamental form
G11 dx? 4+ 2G12 dxy dxo 4+ Gag dx3.

The functions G11, Gi12, G22 have the form

(@—1) 2" (25 — 1)

G111 =

10
1'% i ($?a—2 +$§a—2 +$§a—2)§
-2
R Lt VRT S G it
= -
xg . ($§a72 4 x§a72 + m§a72)§
G (1 _ Ot) . $§a71) . xéafl)
12 = -
Ig . (x?a72 + x§a72 + 1_:230472)5
Thanks to equations (6) we obtain
Gi1 = —ai1g11 — ai24i2,
Gi2 = —ai1g12 — ai12g922,
or
Gi2 = —a21911 — a22412,
Gaa = —a21912 — a22g922.

Equatons (7) have the form
Gu G2\ _ _ (g1 g2 (a1 an
Giz  Ga2 912 g22 a2 az2)’
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or finaly the form

-1
ail a1\ _ _ (g11 g2 (G Gr2
a2 a2 912 922 Giz Ga2)’

which means
a1l a21\ _
a2 a2

__ b (g2 —gi2) (Gu G2
g11 - g22 — gip \ Y12 g11 Gi2  Ga

).

8)

From (8) we can obtain the real form of functions

ail, a1z, a1, a2 :

_ Gi11-g22 — G2 g12
b

ail = 5
912 — 911 * g22
G2 - go2 — Ga2 - g12
az = 5
912 — 911 - g22
—G11-912 + G2 - g11
ai = 5
910 — 911 * g22
—G12 - g12 + Ga2 - g11

G2y — 911 - 922
Substituing into (5) we obtain

G111 g22 — Gi2 - g12
_Nﬁl = 2 gzl +
gi1 - 922 — gio
—G11 912 + G12 - g11
gi1 - g22 —9%2
G2 - g2 — G2z - g12
_NZQ = 2 9z +
gi1 - 922 — gio
—G12 - g12 + G22 - 911

gi1 - 922 — g3

T2

T

The Weingarten map defined for a regular surfaces S by

the formula
W(UP) = _N’Uv

where wvp € Tp(S) and N is a unit normal defined in a
neighbourhood of a point p € S and N, is the derivative

with respect to v,. So we have

W(gz,) = —Nzy, and W(ga,) = —Na,,

The Gaussian curvature K equals to the determinant

det W which means the determinant

K =det G
where
Gi1-g22 —Gi2-912 —Gi1-g12 + Gi2 - 911
. g11 - 922 — 93 g11 - 922 — g3
Gi2-go2 —Gaz-g12 —Gi2-g12 + Ga2 - g11
911 922 — g3 g11 - 922 — Gy
So we have

Gi1-Ga2 — G2,

K = 5
g11 - 922 — 9io

The detailed calculation gives (10).



THE GAUSSIAN AND MEAN CURVATURE OF ONE SPECIAL TYPE OF SURFACES

(a—1)? 20 %2y (@ — D(a§ — 1) — (a — 1)%2]* %232
o x%a(x%a72+x§a 2+m§a 2) _ (0471)2(331£E2£E3)a_2 (10)
w%a72+zgo¢ 2+w§o¢ 2 (x%a72+z§a 2+x§a 2)2
20—2
T3
2cx 2 a—2 a _ a 2 2cx 2 202 _oNaa—20
(14 5o0) oo | pemife () oo e
H— 3 3 z3 3 (11)
3
2( 201 2+z§a 2+z§a 2)5
2a 2
I (1-a) [(mlwg)a_Q(x‘f—l-wg)—i-(mgmg)a_2(m‘2"+x )+ (z123)* 2(1 +z3)} (12)

2(x§a72+x2a 2+x20¢ 2)2

The mean curvature equals to the trace of the matrix

1
H=—-1trG
2
where
Gi1-922 —Gi2-g912 —Gi1-g12 + Gi2 - g11
. 911 922 — g% g11 - 922 — g%
Gi2-g22 —Gaz-g12 —Gi2-gi12 + Gaz - g11
gi1 - g22 — 9%2 gi1 - g22 — g%g
So we have
[T G11-g22 — 2G12 - g12 + Gaa - g1

2(g11 - 922 — 915)

In case of special surfaces (1) we obtain (11).

After some calculation can be shown, that the formula for
Mean curvature can be written in the form (12).

Conclusion

The Gaussian curvature of special surfaces (1) is given by
formula (10) and Mean curvature is given by formula (11).
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