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GEOMETRICAL DESCRIPTION OF MONKEY’S SADDLE
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College of Polytechnics, Jihlava!, University of Economics, Prague', Czech Republic

ABSTRACT

The principal object of this paper is the regular parametric
surface M in R® defined by the formula x(u,v) = (u,v,u®

— 3uv?). The geometrical description methods we are going
to use are based on Cartan’s moving frame method and on

Weingarten map. The studied map x(u,v) = (u,v,u® — 3uv?)
is regular.
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INTRODUCTION

Let U — RZis an open neighbourhood of a point (u,v) € U
and x:U—R3is a regular map (which means that the rank of
Jacobian matrix J(x)(u,v) = 2). A subset M c R? is called
regular two dimensional surface in R? if for each x = x(u,v)
there exist an open neighbourhood V of x(u,v) € R® and the
map x:U =« R?> > M n V of an open subset U = R? onto
M N V. The map x is given by the formula

3uv?).

Now we have to construct the moving frame and
orthonormal moving frame which is the base for Cartan
method. The next method is based on Weingarten mapping.

x(u,v) = (u,v,u® —

Cartan’s method

The moving frame has the form
Xu=(1,0,3u? = 3v?), x, = (1,0,— 6uv), n = (-3u?+ 3v3,6uv,1).
Symbols x, and x, are used instead of dux, dvx etc. Vectors
Xy and xy form the basis of the tangent space Txuv)(M). On
Tx (M) we can construct moving frame (Xu,Xv,Xu x Xv). As the
vectors xy and x, are tangent vectors of M the xy x x,=n

X, X X,

is the unit normal
X, % X, |

is anormal vector. Vector N =
vector. "

Orthonormal moving frame has the form

1 3(u27v2)

> \/1+9 ( uzvz)Z”

E1=‘\/1+9(

u27v2)2 '

—3u® +3v?

6uv 1
: \/1+9 (u2+v2)2 \/1+9 (uz-s-vz)2

‘\/1

U+V
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18 uv (uz—vz)
\/1+9 (uz—vz)z\/1+9 (uz-i-vz)2

’

149 (u*—v?)

E,= 2 27|

\/1+9(u2—v2) \/1+9(u2+v2)
—6uv

\/1+9 ( uz—vz)z\/1+9 (uz—&-vz)2

Differential dE+ equals

—18u( u* —v?
dE, = - ( ) S0 bu e+
2 2\2 3 2 2\2 3
l1-;-9(u—v)|2 L14—9(u—v)|2
18v (U —v —
+; ( ) o 0 bv _dv.
2 = 2 2 2 =
l1+9(u—v)\2 l1+9(u—v)\2
Differential form o, is w;,>=dE; *E>=
_ —182u2v(u vz)2 36u’v dus 18711\/7(uz—\/’)24r36uv2
(1+9 ut—v? 2)2 149 (U +v? (1-*—9(u’—vz)2)2\/1-%—9(u2+v’)z
_ —36u2v[1+9 (uz—v’)z\ 36uv2{1+9( 2)2| o
(1+9(u2—v2)2) Jiro (v v)’ (1+9(u2 2) ) Jire (v +ve)’

—36u°v du + 36uv® dv

:{1+9(u’—v’)zl\/1+9(u2+v’)2 ’

We have

_[76u[1+18v2(uz V7)) Bv[1-9ut —v*) —18u(u” +v?)
Ao VPR (1907 +v2 R

[1+902 +v2)2|%

—6u[1+18v?(u” +v?)|— 54u(u® —v?)(u® +v?)

9,E,*E, = -
\/1+9(u2—v2)2[1+9(u’+v2)2|7
_ —Bu[t+18u”v? +18v’ +ou’ —ov)

\/1+9(u —v? )1+ 9u? +v )2\2
—6u[1+9(u +v?)?

- =
\/1+ 9(u = v P[1+9(u” + v )2

_ —6u
Jt+ow? —v2 ) itow?+v? )’

Al

8,6 = 6v[1+18u2(u +v 2), 6u[1+9(u —v ), —18v(v” +v?) 4

v

. [1+9u? +v )2 [1+9(u +v )2 [1+9(u +V2 PP
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6v[1+9(u” +v?)?

3

T+ 9(u? = v2 )P [T+ 9(u” +v? ) 2
_ 6v

o —v2 ) freou? +v2 )2

d,E,*E, =

The differential form s, is

—6u du+6v dv
JHYP — P2+

Further we try to construct differential form ws».

=05 "E =

6v[1—9(u*—v*')

d,E,*E, ,
: N VIR 9(ut +v?)?

0 E E Bull+ 9(u —v*),

ve=3 27\/1—‘,-9(U2—V2)2[1+9(U2+V2)2"

Differential form w3 is

6v[1-9(u —v*)ju-+6u[1-+ 9 —v*) v
V9P — VP14 907+

=05 "E+0E"E =

Now we will construct forms 6, and 0,
0,=E;dx =E;x,du + E;x,dyv,

0,=E>dx = Exxydu + E>xydv,
Eﬂxudu+E1xvdv: 1+9(u2—v2)2du Mdv
J1+9(u? —v?)?
2 2 2
E,x,du— 18uv(u® —v?) —18uv(u® —v?) du=0,
1o —v? )2\/1+9(u2+v2 )
Ex,dv — 14+ 9(u? —v? )? 4 36du®v dv —
S+ —vi Pt o v
_ 14+ 9(u® + v )? av.
\/1+9(u2—v2)2\/1—~-9(u2—~-v2)2

The exterior product of forms 0, and 0, is

1+9(u2+v2)2

6, 6,- du dv=\1+9(* +v*) du dv,

| 1+9(v? -|-v2)2
from which follows
1

du dv = ——==1,
1+9 (u2+v2)

0,.

For control we have

_ 2 2
dE, = 18u(u —v) -, 0 bu - ldu+
[1+9(U2—V2)2\5 [1+9(u2—vz)2\5
2 2
N 18v(u v)2 - 0 —6v - v,
{1+9(u2—v2) | 2 {1+9(u2—v2) | 2
—3u° +3v? 6uv 1

‘\/1+9 u +v y\/1+9(u2+v2)2y\/1+‘3(u2+v2)2
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18-3u(u27v2)2+6u
0,E,-E, =

3
{ 1+9(u2 7v2)2\ 2 1+9(u2 +v2)2
6u[ 1+9(u’ 7v2)2|

3 du =
1+9(u2 7v2)2\ z
6u

- \/1 +9(u’ - vz)z\/1 +9(u” + v2>2

[

l 1+9(u2+v2)2

au ,

~3-18v (v’ fvz)z —6v
3
[ 1+9(u? —v2)2| fJ1+9(v? -|—v2)2
2)2‘

1+9(u2 +v2)2

0,E,-E, = dv =

76v{ 1+9(u2 —v

{1+9(u2

dv =

3
v2)2|2
_ —6vadv

\/1+9(u2 fvz)z \/1 +9(u2 +v2)2

The result is
6udu —6vdv

\/1+9<u2 vz)z\/1—i-9(uz—~-vz)2
Thedifferential of the form dw12 ™13 A 32 IS

essential for calculation of the Gauss curvature. Let us study
the following equations:

dw12 = w13 A W32 =
6u du — 6v dv 6v[ 1-9(u* —v*)| du+6u{1+9(u“—v")‘ dv
\/1+9(u2—v2)2 \/1+9(u2+v2)2 \/1+9 (1+9(u +v )2)

36Ut 1+9(ut —v*) du dv+36v[ 1-9(u' - v*),

- du dv=
[1+9(u2—v Ji [1+9(u v )2\5

36 Ut 9(ut vt v v ot ZVA)‘du e
[1+9(u2—v2)z L A0(u ) F
6 [(u? +v7)+ (u? —v?)- 9(u” +v?)(u* — Q)du e

0 3

|19~ )\ 149 +v?) | 2
_ 36 (u2+v2){1+9( - )2\ . 1 o
I 2 o T 222 ‘
LHQ(U —vi) L1+9(u +vi)] \/1+9(u +v¥)
_ 36t +v?) —
[1+9(u2+vz)2\
Where K is the Gaussian curvature. We have
—36(u? 4 v?
Wy wy =K = ﬁ
l1+9(u +v2) |

Weingarten method
Equation E*E; = &, i, j = 1, 2, 3 gives dE; * E; = 0, which

means Jdy E3 € Tx (M), 8y E3 € Tx(M).

We have
duEB X, = —bu 2 7
1+9(u2 +v2)
0,E;-x, = bv ;
14—9(u2 +v2)



0By =08y X, +B2- X,
8uE3 Xy = BiaXy Xy + BioX, - Xy
0,Eqs- X, = BX, - X, + BipX, - X, ,

—6u

1+9(u2 +v2)2

6v
1+9(uv? +Vz)2

We have system of two equations for Bii, Bi2. Thanks to

Cramer’s rule we obtain

= ﬁnh + 9(u2 - v2)2\+ :[7’12{—18uv(u2 - vz)‘,

= gﬂ[fﬁmv(u2 - v2)2\+ ﬁ12[1+ 36uv?|.

0,Ey - X, = ByyX, + BaaX,

bv :321{1+9(u27v2)2\+322{718uv(u2—v2)‘,

1+9(u2+v2)2

6u

3VE3'XV = 72’
1+9(u? +v?)

0,Eq X, = BaiXy - X, + BypX, - X,

bu = { 1[—’IBuv(u2—vE)\Jr;’322[1+36u2v2\

2

1+9(u2+v7>

2
1+9(u? —v?)  —18uv(u® —v?) s 22
b= ( 2 >2 2 2 :1-1—9(11 +V). D 1+9(u2—vz)Z —18uv(u2—v2):1+9(u2+‘/2)z
—18uv(u” —v7)  (1+36uv*) —18uv(u? —v?) 1+ 36022
Further we have
—6u 2 2 6y -18uv(u® - v?)
= - 18uv(u®-v?) L o(u? Ry
\/1+9(u2+v2) 1 5 N (u*+v?) ) 1 _
By = 6y E: P21 - eu 14 3607 1+9(u2+v2)2
2 1+ 36uv? 1+ 9(u?+v?)
\/1 +9(u”+v?)
6v |1+ 36u’v? +18u’(u’ —v?)
—6u(1+36u’v?)+ 6v-18uv (u®-v?) = 7 =
- 3 - [1+9(u2+v2)2\2
[1+9(u2+v2)2|2 {
L _ Bv[1+36u’v? —18u’v’ +18u‘|
_ 76u[1+36u2v2718u2vj+18v"|: [1+9(u2+v2)2\5
[ 2 7
l‘1+9(u?+v2) 2 76v[1+18u2(u2+vz)\
CBu1+ 18v(ut v [1+9(u2+v2)2|% '
- —
[14— 9(u?+ VQ)Z\Z
1+9(u2—v2)2 S A —
2 2
1+9(u27v2)2 —6u — B,y = 1+9(ut 4 v?) R B =
\/1+ 9(u+v?) | 4 - 18uv (u? — v?) By f1+9(ut+v?)
Bi, = C—= 1+ 9 2+22
—18uv(u?-v?) GV b ()
\/1+ 9 veY 6ul1+ 9u* —18u”v” + 9v* +18v?(u” — v?),
- 5 -
6v{1+9(uz—v )\—6u~18uv(u —v?) [1+9(u2+v2)2\2
- NIRRT [1+9(u2+v2)2\ - CBu[t+out vt —18vY
- 5 -
[1+9(u2+v2)2\2
6v[1+9u* —18u?v? 4+ 9v* —18u* + 18u?v?
- & — - _suftrsut vt
\/1+9(u +v?) l1+9(u +vi) [1+9(U PR
6v{17 9(ut - v
= [ N Weingarten map can be represented by the matrix W
1+ 9@Ww? +v2))?
L (u v 76u{1+18v (v +v?), 6v{1 9(u* —v*),
We have 3
_anl 2(,,2 2 [ 5 [ 2 3
8, = 6u1+18v (u +3v >|, WZQ“ Ba) L1+9(u +v ) | L1+9(u +v ) |
[1 +9(u? + v2)2 P Bor B 6v{1 +18u* (u* +v?), 6u{1+9<u“ v,
3 3
2 3 2 3
6v[1—9(u“—v“)‘ [1+9(u2+v2) |2 [1+9(u2+v2) 12
12 = 3 -
{1 +9(u+ Vz)? 2 As W(x,) =—a Es and W(x,) = -4 Ewe obtain:
6u{1+18vz(u2+vz)‘ —6v{1—9(u"—v")|

Analogically we obtain

3 3

a,E, - %, o [1%»9(uz+v2)2|E [1+9(u2+v2)2 2
1+9(u?+v?) —6v{1+18u2(u2+v2)| —6u{1+9(u"—v")‘.
1+ 9(u? +v2) JHe(ut v JH9(ut Vi)

18



—36

det(—W) = D, Where

l1+9<u2 +v2)2|

D, :{u2+18u2v2(u2+vz)‘{1+9(u"—v")‘+
{v2+18u2v2(u2+vz)mfg(u“fv‘)‘:
P+ 18utvi(ut + v )+ 9ut (Ut - v?)
+162u%v? (u® +v?) (u“ —vi)+ v+
18u2v2(u2+v2) ( v“)—
162u°v? (U +v?) (u* - v*)=u?+ v’ +
36u2v2(u ) (u + v ) (uzfvz)zz
:(u2+v)[1+36uv2+9( v2)2|:
=W+ v?) 1+ 9u’ +18u°v?+9v*| =
= (u2+ vz) [1-&- 9(u2+ vz)z\ .
_ 2 2
so det(—-W)= 36(u* +v?) >

{1+9(u2+v2)2\

As was given before, the Gaussian curvature is
~36(u” +v?)

2

K=[ .
2 2

L1+9(u +v2)

Further we obtain

16u {1+18v2(u2+v2)—1—9(u4—v4) |

2 [
[

—ut+vh

H:%tr(—W): i -
1+9(v? +v2)2| 2

27u | 2u*v* +2v* 27u20*v? +3v* —u'|

3
2

{1+9(u2+v2)2\ {1+9(u2+v2>2\g

_ 54u’v® +81uv* — 27u°
: .
L

So the trace of the matrix -W is

3,,2 4 5
;tr<7w):54[u v +81uv® —27u .

L

S 3
1+9(u” +v?) ) 2

H

M
1+9(u” +v?) | ?

Conclusion
By the method of moving frame we reached that the result
of Gaussian curvature is

—36(u2 + v2)
[
L

By the method of Weingarten mapping we reached that the
result of Main curvature is

1
H=—tr(-W)=
Yr(-w)

K= —
1+9(u” +v?) |

54u°v? + 81uv* —27u

[
l

1+9(u? +v ) [ 2
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