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ABSTRACT

The aim of this paper is to give some basic geometrical
characteristics of generalized Cobb-Douglas surfaces and
some examples of these surfaces. In case of growing re-
turns to scale Cobb-Douglas surfaces have the form

vz, y) = (z,y, Az®y?), wherez >0, y >0, a+ 3 > 1.

In case of decrease returns to scale Cobb-Douglas surfaces
have the form

v(@,y) = (z,y, Az*y”), where = >0, y >0,

O<a+p<1.

Analogically in case of constant returns to scale Cobb-
Douglas surfaces have the form

vz, y) = (z,y, Az®y?), where z > 0, y >0, a+ 3 = 1.

In connection with this surfaces we are interested in Gaus-
sian curvature, mean curvature and principal curvatures.
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INTRODUCTION

LetU C R2andz : U — R3 is a map. We say that this map
is regular if the Jacobian matrix J(x)(u, v) has rank 2 for all
(u,v) € U. Letus suppose that for every pointp € M C R3
exist an openset U C R2, anopensetV C R? p € V,and
a regular differentiable homeomorphismz : U — VN M. A
subset M C R3 is called a two-dimensional regular surface
in R3.

The basic tools used in this paper are Weingarten map and
first and second fundamental forms.

Surfaces in R3

As was given in [1] we are going to study smooth surfaces,
whose atlas consists of regular maps. The basic tool for our
study is the shape operator defined as follows.

Definition 1. Let S C R3 be a regular surface and let n be
a surface normal to S defined in a neighborhood of a point
z € S. For a tangent vector v € T, (S) we define

o(v) = —ny.

Lemma 1. Let S C R? and v : U — R3 be a regular map.
Then

©(v2) = —nz and p(yy) = —ny. (1)
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Proof: For fix yo, v(z,yo0) is a curve in S. We have

e(va(x,90)) = (v (,90)) = =Ny (a,y0) =
= —(nov)(x) = —ng.
Analogically
e(vy(z0,y)) = —ny.

Lemma 2. At each point « of a regular surface S C R3, the
shape operator is a linear map

@ Tp(S) = Tu(S).
The shape operator of a regular surface is self adjoint, i.e.
P(v) - w = v p(w)
for all tangent vectors v, w € T (S).
Remark 1. From equations (1) we have
0= (nvYz)z = Nz Yo +N- Yoz = —NaVz =N Yaz,
0= (n-vyy =ny Y +n Ty => Ny =1 Yy,
0= (n7Ya)y =Ny Yoe+n Yoy = —NyYe =N Yoy =

=N Yyx-

Remark 2. Let~ : U — R3 be aregular map. Let us denote

l11 = —Ng - Yz = NYaax,
l12 = =Ny - Yz = NYay = MYyz = —NaVy,
l22 = —ny - vy = nyyy-

The function 111,112, l22 are coefficients of the second fun-
damental form Fy; of 4.

Frr = linda? + 2lade dy + 135 dy?.

If we denote g11 = [|72|%, 912 = Ve - vy, 922 = [|[Wl]%
the first fundamental form F; can be written in the form

Fr = gi1da® + 2g12dz dy + goady®.

Theorem 1. Lety : U — R3 be a regular map. Then

the shape operator ¢ is given with respect to the basis

Yz, Yy € T (S) in the form

g11li2 — g12li1
911922 — 9%,

gi1la2 — gi2li2
911922 — 9%2

g22l11 — g12l12
g11922 — 93y

g22l12 — g12l22
g11922 — 9%2

o(v2) = Y

w(vy) = y-

Remark 3. As ~ is a regular map and v, and -y, are lineraly
independent we have
P(vz) =117 + 217y = —Naz,

(3)
P(ry) =127z + a2yy = —ny,
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for functions au11, 21, 12, az2 Which we need to compute.
From (1) and (3) we have

li1 = —nave = gr1ou1 + gi2aei,
l12 = — ngyy = g12011 + goooa1, @)
l12 = — nyvz = g11a12 + gi2a22,
l22 = — ny7yy = g12012 + gazaoa.

Equations (4) can be written in the form
li L2 _ (911 g12)) (a1 aiz
liz l22 gi2 g22) \Q21 @22,
—1
air iz _ (911 912 li1 li2
Q21 Qo2, gi2 g22 lig la2)~

So we have

aipr ooz _ 1 922 —g12\ (L1 L2
Q21 (22, g11922 — 93 \—912  g11) \li2 l22

from which immediately follows (2).

or

Remark 4. The shape operator can be represented by a
matrix

g1iliz — gi2lin
g11922 — 9%2

g22l11 — g12l12
911922 — 9%2

Alp) =
gi1l22 — gi2li2
911922 — 9%2

g22l12 — g12l22
911922 — 9%2

Gaussian curvature K, and mean curvature H are defined

by formulas K = detA(p) and H = ZirA(y). We
have
K= litloe — 13,
911922 — 9%2
and
H— l11g22 — 2112912 + l22911

2(9115]22 - 952)

Examples of Cobb-Douglas Surfaces in R3

Example 1. In case of growing returns to scale we are to
study the Gaussian curvature, mean curvature and princi-
pal curvatures of a special type Cobb-Douglas surface of
the form

y(z,y) = (z,y,zy), ie a+ =2/ (seeFig.1).

Solution. We have

Yo = (I,O,y)7 Ty = (07 1,.’13),
g1 =1+9% giz=uay, goo=1+a%
The unit normal is
(7y77x71)

Va2 +y? + 1
Further we have

Yex = (07070)7 Yy = (07 07 1)7 Yyy = (0707 0)

The equations

i1 =71 Yaw, li2=n- Y2y, l2z=n" 7y
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gives
1
l11 =0, lig = ——=, =0
VrZ+y2+1
So we have
—1 —xy

= (zZ+y2 +1)2° T (@ +y2+1)3/2
From this equation follows that for all z, y € R the Gaussian
curvature is negative, which means that every point of this
type of Cobb-Douglas surface v(z,y) = (z,y, zy) is hyper-
bolic. Principal curvatures k; and ko can be written in the
form

1

and

1

kyp=—
2T @2t y2 1+ 1)32

[fa:y — \/x2y2 + (22 +y2 + 1)} .

Fig. 2

Example 2. In this example we are to study Gaussian cur-
vature, mean curvature and principal curvatures of Cobb-
Douglas surface

v(z,y) = (z,y,2y°), z > 0, y > 0, a+B = 3 (see Fig. 2).
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Solution. The basis of T;.(S) has the form
Yo = (1,0,5%), 7y = (0,1,2zy),
g =1+y" g2 =22y g2 =144,
Yex = (0’ 07 0)7 'Yzy = (07 07 29)7 'Yyy = (07 0» 2I)

(7y27 721‘:97 1)
Vyr+dz?y? +1

l11 =0,

The unit normalis n = . Further we have

2y

lig = —F/———r—o—,
Vyr +4x2y? +1

2x

Vit F a2 11

The Gauss curvature and mean curvature have the forms

log =

74y2

= =z <
(y4 +4x2y2+1)2 -

x — 3xy?t
(y4 + 4$2y2 + 1)5/2 :

)

If y # 0 then K < 0 and every such a point of given surface
is hyperbolic. Principal curvatures can be written in the form

(5).

Fig. 3

Example 3. In this example we are to study Cobb-Douglas
surfaces which are practically used in case of growing re-
turns to scale:
1. y(z,9) = (z,y,2%y?), ie a+ =4 (seeFig.3).
Solution. The basis of T (.S) has the form
Yz = (1»0;21?12), ’Yy = (0:1723/12)7
gi1 = 1—i—4:1:2y47 gi2 = 4:(:37437 goo = 1+4z4y2.
The unit normal has the form
(—2zy?, —2ya?,1)

n = .
42yt 4+ 49224 + 1

Functions 111,112, l22 are:

2y dxy
i1 = 25 lig= =2 gy = =
11 h 12 N 22 )
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[~}
>\ 8
[N}

where
A = VAx2y* + 4y2at 4+ 1.
The Gaussian curvature and mean curvature can be
written in the form
—122%y?
(4z2y* + 4y2zt + 1)2 ’

12 + y2 _ 81‘4’!/4

H = .
(Az2y? + 4y2a4 +1)%/2

K < oforall (z,y) € R. Every point (z,y) # (0,0) is
hyperbolic.

Fig. 4

2. y(z,y) = (z,y,2%y3), ie. a+ B =5 (see Fig.4).

Solution. The basis of tangent space have the form
Yo = (1,0,2ry3),’yy = (0, 1,3x2y2).

Functions g11, g12, g22 are
g1 =1+42%y°%  gia = 629", goo = 1+92"y".
We have

Yzz = (07072:‘/3)»

Yoy = (0,0, 6zy?),

Yyy = (0,0, 62°y).
The unit normal has the form

- (—2zy3, —322y2,1)
(4226 + 9zdyt + 1)1/2°

The function l11, 112, 22 are

l12 = lag =

2y 6xy> 622y
b= —, ) )
A A A

where Lo
A= (4:52y6 + 9$4y4 + 1) / .
The Gaussian curvature and mean curvature are
—24x2y*
(4296 4 924yt +1)2’

Y3 + 322y — 152497
(41‘23/6 + 9x4y4 + 1)3/2 :

So we have K < 0 and if (z,y) # (0,0) then K < 0.
Every point of given surface for which (z,vy) # (0,0)
is hyperbolic.
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_ L 4 1)2 2 (44 2,2
M= it 4 03 {‘T*My /(@ = 3oyt + 42 + 4072 + 1)
®)
_ 1 4 12 2 (4 2,2
kQ*(y4+4m2y2+1)3/2 {w_?’xy _\/(x_3xy) +4y?(y* +4z?y? +1)| .

m(m — l)mm_Qy" + n(n — 1)y"—2$m — mn(m + n)x3m—2y3n—2

H =

(m2$2m72y2n + n2x2my2n72 + 1)3/2

Example 4. In this example we are to study the general
case of Cobb-Douglas surface

(@, y) = (z,y,2™y"),
where m, n are constants and

m >0, n>0.

Solution. The basis of tangent space can be written in the
form

1—1 n)
2

VYo = (1’07mmn ) n_lxm).

vy = (0,1,ny

Function g11, g12, g22 have the form

g11 = 1 +m2g?m =2y,

2m—1, 2n—1
gi2 =mn-x Yy )

gao = 14 n2y?n=2g2m,
The unit normal has the form
(=ma™ty", —ny"la™, 1)

n= N1/2

where

A= m2x2m72y2n + n2y2n72 _QO 4 1.

Further we have
Yew =(0,0,m(m — 1)z™2y™),
Yey =(0,0,m - nIM7lyn71):

Yy =(0,0,n(n — )y~ 2z™).

The functions 111, l12, l22 can be written in the form

m(m — 1)z™ 2y"

l11 = I )
m-n- Imflynfl
lig=———Fr"—,
VA
n(n — 1)y*2z™m
log=———"""——.
v

The Gaussian curvature has the form
mn [1 _ (m + n)]QO—Qan—2

K= (m2z2m—2y2n | n2g2my2n—2 { 1)2°
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(6)

From this formula can be easily seen that following implica-
tions are true:

1.m+n>1=K<0, (z,y)#(0,0)= K <0,
which means that every point (z,y) # (0, 0) of Cobb-
Douglas surface is hyperbolic and principal curva-
tures k1 and ko have oposite signs.

22 m+n=1=K=0,
which means that every point of Cobb-Douglas sur-
face is parabolic. Exactly one of principal curvatures
is zero.

3. m+n<l=K2>0, (z,y)#(0,0)=K >0,
which means that every point (z,y) # (0,0) is elip-
tic and principal curvatures k1 and k2 have the same
sign.

The mean curvature can be written in the form (6).

The explicit calculation of principal curvatures k1 and ks is
technically a little difficult and so we omit it.

Conclusion

In this paper some examples of Cobb-Douglas surfaces are
given and the Gauss and Mean curvatures are studied. In
example (4) the general case of Cobb-Douglas surface is
given and general formulas of Gaussian and Mean curva-
tures are analyzed.
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