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ESTIMATING THE PARAMETER DELTA IN THE BLACK MODEL USING THE
FINITE DIFFERENCE METHOD FOR FUTURES OPTIONS
Lucia Švábová 1
Abstract: Financial derivatives are a widely used tool for investors to hedge against the risk caused by changes in
asset prices in the financial markets. A usual type of hedging derivative is an asset option. In case of unexpected
changes in asset prices, in the investment portfolio, the investor will exercise the option to eliminate losses resulting
from these changes. Therefore, it is necessary to include the options in the investor´s portfolio in such a ratio that
the losses caused by decreasing of assets prices will be covered by profits from those options. Futures option is a
type of call or put option to buy or to sell an option contract at a designated strike price. The change in price of the
underlying assets or underlying futures contract causes a change in the prices of options themselves. For investor
exercising option as a tool for risk insurance, it is important to quantify these changes. The dependence of option
price changes, on the underlying asset or futures option price changes, can be expressed by the parameter delta.
The value of delta determines the composition of the portfolio to be risk-neutral. The parameter delta is calculated
as a derivation of the option price with respect to the price of the underlying asset, if the option price formula
exists. But for some types of more complex options, the analytical formula does not exist, so calculation of delta
by derivation is not possible. However, it is possible to estimate the value of delta numerically using the principles
of the numerical method called “Finite Difference Method.” In the paper the parameter delta for a Futures call
option calculated from the analytical formula and estimated from the Finite difference method are compared.
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Introduction
The main motivation for participants in the financial markets to avoid growth uncertainty is to look for
new financial instruments. As the level of investment risk increases simultaneously, everyone operating
in the financial markets has to react to market changes and to correct their investment strategy in time.
Correctly used derivatives, e.g. options, can help investors increase their expected returns and minimize
their exposure to risk. As written by Whaley (2006) and Hull (2012), the options were traded for the
first time in 1973. Then, the volumes of their trade has risen rapidly all over the world.
Setting the right price for all types of options, from basic types of vanilla options to more complicated
types of exotic options, is a very important part of derivative trading. As Hull (2012) wrote, the BlackScholes-Merton model for option pricing is at present one of the most famous tools for valuation of
derivative contracts. Since its time of introduction, the volume of option trades has significantly
increased. Standard types of options are traded actively, and new types of options bring other
possibilities for investors to hedge their investment portfolios. On the other hand, some types of exotic
options could be very complicated and difficult to price, so that the Black-Scholes model in his basis
could not be used to set their price. For some of these options, the analytical pricing formula does not
exist. Due to this fact, it is much more complicated for the investors to create and correct the investment
strategy if the values of the parameters used for investment strategy revision cannot be computed
analytically. Thus, the numerical methods come into play. Using these methods, the prices of exotic
options can be estimated, and, therefore, the values of the required parameters can be obtained. One
alternative of numerical options pricing is a finite difference method based on the Black-Scholes
differential equation. Using the principles of the finite difference method, it is possible to estimate the
values of the aforementioned parameters numerically, as mentioned by Ďurica & Švábová (2014b).
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Types of options
As defined by Whaley (2006), an option is an instrument giving its owner the right, but not the
obligation, to buy or sell something at an advance fixed price. A call/put option gives the holder the
right to buy/sell the underlying asset at the strike price before the expiration time. The price agreed by
the seller and the buyer in this contract is known as the strike price, and the date, when the right given
in the option will expire, is known as the expiration date or maturity. It is important to emphasize that
the option gives his holder the right to do something, and the holder is not obligated to exercise this
right. As said by Jarrow & Rudd (1983), the ownership of the option provides only the right to do
something not the obligation, and this is why the owner of the option has to pay something for the
conclusion of such contract. An option buyer pays the option premium for the right to buy or sell the
underlying asset.
Hull (2012) wrote that all the simple derivatives, such as American or European options, are together
called plain vanilla options. But, besides these simple types of options, there exists a large number of
nonstandard products, which have been created in the over-the-counter derivatives market. One other
type of option contract is the Futures option. In this option, the underlying asset is the Futures contract;
that means when a Futures option is exercised, a Futures position is opened at the predetermined strike
price in both the buyer and the seller’s account. Depending on whether a call or a put is exercised, the
option buyer and seller will assume either a long position or a short position.

Basic principles of option pricing
The most popular pricing model is the Black-Scholes model introduced for the first time by
Black & Scholes (1973). The Black-Scholes model was improved by R. Merton in 1973. As Hull (2012)
wrote, his approach was different from that of Black and Scholes’. It was more general because he did
not rely on some assumptions for the underlying asset. Merton considered, in his model, the assumption
of the dividend payment possibility from the underlying share of the derivative. For Futures options’
pricing, the Black model is used. It is based on the fact that for Futures option, we replace, in the BlackScholes-Merton (BSM) model, the dividend yield with the risk-free interest rate and the underlying
share price with the underlying Futures price.
As said described by Švábová (2013), another way to price the options is to use the numerical methods.
There exist several types of numerical methods, which utilize the price from the majority of the options
including the more complex exotic options that are “path dependent” and can be correctly estimated.
One alternative method for numerical options pricing is a Finite difference method. This method is based
on Black-Scholes-Merton partial differential equation and represents one possibility of option pricing.
As Hull & White (1990) wrote, this numerical method could be very useful for the option pricing
especially for more complex types of exotic options whose price have to be set numerically.

Black-Scholes-Merton model
It is not easy to determine the right price of an option in practice. A big number of pricing models were
generated to solve this problem. As Whaley (2006) and Hull (2012) wrote, the Black-Scholes-Merton
model is used to calculate a theoretical price of the option using the five key factors of an option’s
price—underlying stock price, strike price, volatility, time to expiration, and risk-free interest rate. The
Black-Scholes-Merton model is derived under the validity of some assumptions.
Under the assumptions mentioned by Hull (2012), the Black-Scholes-Merton differential equation is
valid for a European type of option with an underlying asset paying continuous dividend yield:
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𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕
1 𝜕𝜕 2 𝑓𝑓 2 2
(1)
(𝑟𝑟 − 𝑞𝑞)𝑆𝑆 +
+
𝜎𝜎 𝑆𝑆 = 𝑟𝑟𝑟𝑟.
𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕
2 𝜕𝜕𝑆𝑆 2
In equation (1), the Merton’s approach is used; it allows the existence of continuous dividend yield q,
paid from the underlying asset. In equation (1), the following notations are used:
f is the price of the derivative (option);
t is the time;
S is the price of the underlying share;
r is risk-free interest rate;
q is dividend yield rate;
σ is the stock price volatility.
This equation has infinite number of solutions based on the selected initial conditions. As Hull (2012)
wrote, for a European call option, the solution of the BSM equation is a formula:
𝑐𝑐 = 𝑆𝑆𝑒𝑒 −𝑞𝑞𝑞𝑞 𝑁𝑁(𝑑𝑑1 ) − 𝑋𝑋𝑒𝑒 −𝑟𝑟𝑟𝑟 𝑁𝑁(𝑑𝑑2 );

(2)

where N(d1 ) and N(d2 ) are the values of the distribution function of a standard normally distributed
random variable in points 𝑑𝑑1 and 𝑑𝑑2 given by Hull (2012).

The nomenclature used is valid as before, for (1) and (2). Moreover, X is the strike price, and T is the
time of maturity of the option. Equation (2) is the most famous solution of the BSM differential equation
(1), and is known as the Black-Scholes-Merton model (pricing formulas) for the price of European call
options.

Black model
By replacing the dividend yield q with the risk-free interest rate r and the underlying share price S with
the Futures contract value F, in (1) and (2), we obtain the Black model for Futures option pricing as
follows:
𝜕𝜕𝜕𝜕 1 𝜕𝜕 2 𝑓𝑓 2 2
+
𝜎𝜎 𝐹𝐹 = 𝑟𝑟𝑟𝑟.
𝜕𝜕𝜕𝜕 2 𝜕𝜕𝐹𝐹 2

(3)

The solution of equation (3) is the analytical formula for Futures option pricing:
𝑐𝑐𝑓𝑓 = 𝑆𝑆𝑒𝑒 −𝑟𝑟𝑟𝑟 𝑁𝑁(𝑑𝑑1 ) − 𝑋𝑋𝑒𝑒 −𝑟𝑟𝑟𝑟 𝑁𝑁(𝑑𝑑2 );

(4)

where d1,2 are given by Hull (2012).

Delta-hedging

The option traders use sophisticated hedging schemes for hedging their portfolio. As the first step, they
attempt to make their portfolio immune to small changes in the underlying asset price in the next small
time interval. As Hull (2012) wrote, this strategy is known as delta-hedging. Then, they look at the rate
of change of delta with respect to the price of the asset; this rate is known as the parameter gamma. By
keeping gamma close to zero, a portfolio can be made relatively insensitive to fairly large changes in
the asset price (Hull, 2012).
Parameter delta of the derivative is defined as the rate of change of its price with respect to the
underlying asset price. As written by Hull (2012), it is important to realize that the position of investor
remains delta-neutral for only a relatively short period of time. This is because delta changes with both
changes in the Futures price and the passage of time. In practice, when delta hedging is implemented,
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the hedge has to be adjusted periodically. This is known as rebalancing. Hedging schemes such as this
that involve frequent adjustment are known as dynamic hedging schemes.

The delta of futures call option
As written by Ďurica & Švábová (2012b), the delta of Futures option is the rate of change in the value
of this Futures option with respect to the change in the underlying Futures. This change can be calculated
using the partial derivative of the option price with respect to variable F. Therefore, the delta of a call
Futures option is:
∆=

∂cf
= e−rT N(d1 )
∂F

(5)

The delta for a call Futures option has a positive value and is an increasing function of the underlying
asset price. The behavior of parameter delta in European call option, for various times to maturity and
also for some types of exotic options, has been studied by Ďurica & Švábová (2012; 2013; 2014a).

Finite difference method
The Black-Scholes-Merton equation (1) is a partial differential equation valid throughout the whole
given domain. As written by Švábová (2011), the aim of the finite difference method is to reduce the
domain of option values definition into a finite number of points and to replace the partial derivations
in equation (1) with given differences. More specifically, the explicit finite difference method uses such
approximations of partial derivations which, by being substituted to equation (1), lead to the formula for
calculating the price of the derivative directly at that point:
𝑓𝑓𝑖𝑖,𝑗𝑗
=

2∆𝑆𝑆 2 𝑓𝑓𝑖𝑖+1,𝑗𝑗 + ∆𝑡𝑡∆𝑆𝑆(𝑟𝑟 − 𝑞𝑞)𝑆𝑆𝑗𝑗 �𝑓𝑓𝑖𝑖+1,𝑗𝑗+1 − 𝑓𝑓𝑖𝑖+1,𝑗𝑗−1 � + 𝜎𝜎 2 𝑆𝑆𝑗𝑗2 ∆𝑡𝑡�𝑓𝑓𝑖𝑖+1,𝑗𝑗+1 + 𝑓𝑓𝑖𝑖+1,𝑗𝑗−1 − 2𝑓𝑓𝑖𝑖+1,𝑗𝑗

(6)

2𝑟𝑟∆𝑡𝑡∆𝑆𝑆 2 + 2∆𝑆𝑆 2

Equation (6) gives the relationship between three values of the option at time
i∆t in points 𝑓𝑓𝑖𝑖,𝑗𝑗−1 , 𝑓𝑓𝑖𝑖,𝑗𝑗 , and 𝑓𝑓𝑖𝑖,𝑗𝑗+1 ; and, one value of the option at the following time at point 𝑓𝑓𝑖𝑖+1,𝑗𝑗 .

In the grid of option values used in the explicit finite difference method, we move from the end of the
grid to the beginning. At each node, we calculate the value of the derivative using equation (6). In this
explicit approach, the values in all the interior points in the grid are given by the values of the
neighboring points in next time step in the grid. The situation is described by Ďurica & Švábová (2014b;
2012a). Using this approach, we repeat the calculations until we get the values on the left side of the
grid at time zero.

Using the Explicit finite difference method for calculating Futures options’ delta
As mentioned earlier, the value of delta can be calculated by a partial derivation of the option price with
respect to the price of the underlying Futures, or we could calculate delta using the differences in the
grid. Then, delta for every interior point of the grid will be the difference between the values of two
neighboring points, upper and lower, divided by two lengths of the share price subinterval:
∆=

∂cf 𝑐𝑐𝑓𝑓(𝑖𝑖,𝑗𝑗+1) − 𝑐𝑐𝑓𝑓(𝑖𝑖,𝑗𝑗−1)
≈
∂S
2∆𝑆𝑆

(7)

This is very useful, especially, in such cases of more complex exotic options, in which the option price
have to be set only by numerical method, because the analytical formula does not exist. This is a very
frequent situation because some options are so complex that the basic Black-Scholes-Merton model
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cannot be used for their pricing. So, they have to be priced only numerically. Then, the value of
parameter delta should be calculated from the numerical estimates of the option prices too.

Results
We will present an estimation of the value of the parameter delta for Futures option using the differences
in the finite difference method grid as an example. Let us assume a Futures option with the strike price
of 50. This option will expire in one year. The risk-free interest rate and the volatility are both 10% per
year.
We estimated the price of this option by the explicit finite difference method with a grid where the 1year life time of the Futures option was divided into 360 subintervals with the length of 1 day, and the
share price interval from 0 to the maximum of 50 was divided into 200 subintervals with a step of 0,25.
Using the approach mentioned above, we obtained all the option prices in the grid points. Then, we used
these values to estimate the parameter delta from the option prices using equation (4).
In Figure 1, the errors of delta values are shown. These are the differences between the delta values
calculated from the pricing formula as the partial derivation (7) and the values estimated numerically
using the Finite difference method grid using (6).
As we can see, the differences between these two values of delta are very small, close to zero. The
biggest differences are for 1 day to maturity and close to the strike price of an Futures option, where
delta is very sensitive, and its values are close to 0 or 1.
This is a very good result, which means that the numerical method can be used successfully for
estimating the values of parameter delta for Futures. Therefore, this parameter is the most widely used
hedging parameter. So, for more complex types of exotic options, this numerical method can bring a
possibility of estimating the value of the hedging parameter numerically.
Figure 1: Error of parameter delta values
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Conclusion
As a result of our research, we can summarize that the finite difference method can be used successfully
for estimating the values of the parameter delta used for hedging. This is valid not only for the parameter
delta, but also for parameter gamma or theta because we can use the differences instead of the partial
derivations required in the Black-Scholes-Merton model. As we proposed, using more division points
in a grid generates more accurate results. This approach should also be used for more complex options
without the analytical formula, so that we could estimate their delta values numerically from the explicit
finite difference method.
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