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ABSTRACT

In the paper the three parametric lognormal distribution is
used as a model of hourly wage distribution in the Czech
Republic. Data from the Average Earnings Information
System from 2000-2010 are analysed. Random samples
from the second quarter of 2009 survey are used and
separate models are constructed for business and non-
business spheres of economy. Three methods of estimation
were used to estimate unknown parameters: maximum
likelihood method, moment method and quantile method.
Quality of fits was compared and the impact of the method
of estimation on quality of fit was quantified. Characteristics
of location and variability were estimated and their values
were compared with sample values. The results of Average
Earnings Information System have been published since
2000. In the text lognormal model was fit with the use of
selected quantiles from 2000 and 2010.
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INTRODUCTION

Research into incomes and wages is very important
especially in economics and politics, butincome, wages and
related problems are very interesting topic even for general
public. Knowledge of income and its distribution is very
important in effort to quantify income inequality in society or
quality of life. In this case it adds objective point of view to
largely subjective topic. Distributions of incomes of different
type (and their characteristics of level and variability) can
be used in order to make international or interregional
comparisons or to compare incomes in subgroups of
population defined according to various socio-economical
or demographic characteristics as gender, education,
location, age or job. The predictions of future development
can be based on such analyses. Moreover the structure of
incomes is frequently of interest and an effect of different
taxation on the structure of income can be analysed.

It is important that incomes are not uniformly distributed in
the society. We can quantify this non-homogeneity by
detailed analysis of income distribution. Probability models
enable researchers to derive detailed properties and
relations. In the simplest probability models a suitable
probability distribution is used as a model for income or
wage distribution. More complicated models are frequently
used in huge literature dealing with the topic (see Kleiber,
Kotz (2003) for many references).

Different data about incomes and wages are available in the
Czech Republic. Data concerning Czech households are
included in annual survey Results of the Living Conditions
Survey (a national module of the European Union Statistics
on Income and Living Conditions (EU-SILC)). The survey is
organised by the Czech Statistical Office (CZSO).

In this text net wages per hour are analysed with the use of
data from regular quarterly survey the Average Earnings
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Information System that has been carried out by a private
agency (TREXIMA, spol. s r.0.) on behalf of the Ministry of
Labour and Social Affairs of the Czech Republic since 1992.

The three-parametric lognormal distribution is used as
a model for hourly wages in the Czech Republic in 2009
(random samples from the survey are used) and 2000 and
2010 (published quantiles are used). The appropriateness
of this distribution from various points of view is discussed
for example in Keiber, Kotz (2003). Distributions of incomes
and wages are positively skewed and lognormal distribution
meets this property. If we suppose lognormal distribution of
a random variable, it means that logarithm of its values is
normally distributed. Three-parametric distribution in
addition to the mean and variance of the logarithms allows
a choice (guess or estimation) of minimal value of original
values. As the income distribution is usually highly skewed,
the mean loses its ability to objectively describe the
distribution (mean is strongly affected by rare but very high
values) and then the median seems to be better
characteristic of the level of income. In the text mode is used
as a useful characteristics of location.

Lognormal distribution is one of many distributions that are
frequently used in analyzing incomes. "Two-parametric
lognormal distribution fits well over a large part of middle
income range, but gives a poor fit at the tails. However, in
the middle income range it exaggerates skewness. Pareto
distribution provides an excellent fit to the upper tail of the
income distribution, but the fit over the whole range of
income is poor. Gamma distribution provides a better fit than
lognormal at the tails. In the middle range, both lognormal
and gamma exaggerate skewness, but the tendency is more
marked in case of lognormal. Dagum distribution performs
better than lognormal and gamma distributions”
(Chakravarty, Majumder (1990)). The distribution is
supposed to be acceptable but it is outperformed by other
frequently used income distributions as Dagum, generalized
lognormal, gamma or lambda distributions. Wages in the
Czech Republic are analysed in Bilkova (2008, 2011),
Pavelka (2009) or Jurajda (2011). In the articles of Pavelka
a Jurajda more detailed description of Average Earnings
Information System can be found.

Lognormal distribution

In this text lognormal distribution is used as distribution for
the modeling of per hour wages. For the analyses of
incomes and another statistics attributes which are
correlated with incomes three-parametric lognormal
distribution is mainly used. Two-parametric and distribution
with four and more parameters are also used in practice but
not as frequently. This distribution can be also used as
a distribution of components in mixture models. In this case
the distribution of the mixture of lognormal components is
not lognormal (Pavelka (2009)). Generalized lognormal
distribution (Keiber, Kotz (2003)) is supposed to be very
useful in the modeling of incomes. Parameters of three-
parametric lognormal distribution have straightforward



interpretation. A random variable X has three-parametric

lognormal distribution with parameters 6, p, o? if a random
variable Z = In (X - 8) has normal distribution with expected

value p and variance 2. For the analysed hourly wage it
means that parameter p is expected value and parameter

o2 variance of logarithms of these values. Probability density
function of the distribution is given by formula

1 (In(x=6)- )’
f(X)_(x—ﬁ)«/Eaex}{ 3 },x>9.
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In (1) parameter 6 means a theoretical minimum of variable
X. If parameter 6 equals zero, then the random variable X
has two-parametric lognormal distribution. Distribution
function of variable X with density function (1) is given by
formula

where ¢ is a distribution function of standard normal
distribution. From (2) a formula for evaluation of quantiles
can be easily derived.

(1)

In(x—-0)—u
o
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Estimation of parameters

The most frequently used methods of estimation of unknown
parameters are moment method, quantile method and
maximum likelihood method. We need three equations to
find out the estimated values of unknown parameters of
three-parametric lognormal distribution and each method
creates these equations differently (Johnson at all. (1994)).

Suppose that X, i = 1,...,n is a random sample from
lognormal distribution. The maximum likelihood estimates
of unknown parameters have theoretical optimal asymptotic
properties. The logarithm of likelihood function based on
density function (1) is maximized with respect to estimates

(1,67 of parameters 1,62 by estimates (Johnson at all. (1994))
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The most difficult problem is to estimate the value of

parameter 6. For a large sample the minimum in the sample

can be taken as an estimate. Cohen’s method combines

method of maximum likelihood with the quantile method and

parameter 6 is estimated as 100/(n+1)% sample quantile.

The method of moments is relatively simple but it could be
quite inaccurate. This method equates sample and
theoretical moments. The point estimates 6°,u",6> of three
unknown parameters are given by formulas
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The method of quantiles is also relatively simple. This
method uses three quantiles (to estimate three parameters)
— the most frequently median and two symmetric 100a:%
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and 100(1-a)% quantiles for a chosen probability a.
Equations (8),(9) and (10) give the point estimates 6*,u*,62*
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where x3$ is 100P% sample quantile.
Average Earnings Information System

The Average Earnings Information System (AEIS) is
a quarterly employer survey carried out by a private agency
(TREXIMA, spol. s r.0.) on behalf of the Ministry of Labour
and Social Affairs since 1992 (see TREXIMA, AEIS1). The
AEIS is based on the stratified random sampling which has
been fully in accordance with the European Structure of
Earnings Survey guidelines since 2006 and it provides
precise and reliable information on wages in Czech firms.
The data cover companies of all size categories and
industries, except the public budgetary sector. Only
economic subjects with more than 10 employees are
sampled in the AEIS. The data contain hourly wages, age,
education and detailed information about occupation of the
employee. The wage records are taken from personnel
databases of firms. An average hourly wage of an employee
is quarterly evaluated as total cash compensation including
bonuses and other special payments divided by total hours

worked for that quarter. Data are classified by KZAM-R?
levels (CZSO).

Companies in the Czech Republic are divided into two
subgroups — business and non-business sectors and the
technique of sampling differs in these sectors of economy.
Non-business sector is surveyed every half-year and itis a
comprehensive (non-sample) survey. It covers about 14,550
economic subjects with approximately 660 thousand
employees. Business sector is investigated selectively
(stratified sample) quarterly. The sample covers about 3,500
economic subjects with more than 1.3 million employees.

Business and non-business sectors data sets have different
characteristic. The statistical characteristics of data from
non-business sector are affected only by non-sampling
errors because it is the comprehensive survey. The
statistical characteristics of data set from business sector
are affected by both sampling and non-sampling errors.

In the text we use two random samples of the size 10,000
from data of the AEIS survey from 2009. First data set
contains 10,000 entries of hourly wage (in CZK) from the
business sector and the second data set contains 10,000
values of hourly wage (in CZK) from the non-business sector.

On the website of the survey (AEIS2) have been published
results of AEIS surveys since 2000. Descriptive
characteristics on the website mentioned above include
median, mean, the first and the third quartiles, the first and
the ninth deciles of hourly wage. We use these values from
2010.

This paper uses data from AEIS to compare results (and
quality) of different lognormal models. All hourly wages in
the models are nominal in the Czech koruna (CZK). The
exchange rate of CZK to Euro was 27.142 in 2009 (January-

' Since 2011 is used classification CZ-ISCO.



June), average exchange rates for 2000 and 2010 were
35.609 and 25.290 (CNB). Moreover inflation rate from 2000
to 2010 was 1.28 (CZSO).

Methods and Results

To the samples from 2009 five lognormal models for both
business and non-business sectors were fitted:

Model 2_ml uses two-parametric lognormal distribution
with maximum likelihood estimates of parameters,

model 3_m uses moment method to estimate parameters
of three-parametric lognormal distribution,

model 3_gl uses quantile method with a=0.1 (first and
last deciles are used in formulas (7), (8), (9)),

model 3_qll uses quantile method with a=0.25 (lower
quantile and upper quantile are used in (7), (8), (9)),

model 3_ml uses maximum likelihood method and
parameter is evaluated by numeric minimization of the
statistics S evaluated according to (12).

In order to compare quality of fits we use intervals of the
length 5 CZK and we compare theoretical and empirical
frequencies of intervals. The empirical frequency is given
by number of entries in the corresponding interval in the data
set from the business or non-business sector. The
theoretical frequency of interval i is given by formula

@[]n(x,. +v/279)7yJ7@[]n(x,. V/20),u]:|, (11)
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where x; is the middle value of the i-th interval, v is the
interval length (v = 5 CZK) and n is the sample size
(n =10,000) and estimated values of parameters are used.
Theoretical frequencies (11) must be complete with
frequencies of the first and the last intervals? . Quality of
various models is compared by a statistic S which is
evaluated as a sum of absolute deviations of theoretical and

empirical frequencies?®

S=2.,

where k is number of intervals.

nw,=n

n,—nr,|, (12)
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To compare distributions of hourly wage in 2000 and 2010,
the results of AEIS (median and first and ninth deciles) were
used to fit lognormal model with the quantile method of
estimation.

All computations were performed in MS Excel. 4

Table 1: Non-business sector, second quarter of 2009. Estimates
of parameters and characteristics of level and variability (CZK),
values of S (12).

Model
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125-130
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Source: own computations

2 Then the sum of the theoretical frequency equals 1.
3 We don't use the chi-square statistic because we operate with large

sample. In this case we get almost always the rejection of x? at the
conventional level of significance.

4 The highest 20 values weren'’t used to estimate the parameters of
model 3_m. The calculation of models showed that approximately
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Results for non-business sector

In this part five models mentioned above were fitted into
10,000 observations from non-business sphere. Table 1
presents estimates of parameters, estimated characteristics
of location and variability of fitted lognormal distributions and
values of the statistics S defined in (12) together with
descriptive characteristics of the data set. There are very
different values of parameters, especially of the parameter
of variance. Moreover in three models the value of
parameter theta is negative, in the model with maximum
likelihood estimates even -181. This model (3_ml) has the
lowest value of S statistic, but all the models give quite
similar values of S. All models underestimate not only
standard error (as it is common if lognormal distribution is
used) but also the location characteristics. Although the
parameters are very different, estimates of characteristics
of location and variability given in the table are closed.

Figure 1: Histogram of wage per hour (CZK) in non-business sector
in the 2" quarter of 2009
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Figure 2: Estimated probability densities for non-business sector
for the 2" quarter of 2009
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The worst model is model 3_m which uses moment method
of estimation, however its quality was improved by excluding
the highest 20 values. Model 3_qll provides relatively good
fit. Model 3_qgll uses quartiles to estimate the unknown

parameters, these values are published by AEIS® and the
model can be constructed for every year with the use of
published sample quantiles (without original data).

The histogram of wage per hour is shown in Figure 1 and
fitted probability densities are given in Figure 2. We can see
in Figure 1 a local extreme in the left part of the histogram.
This paper models the income distribution by one curve of

1-2 percent of the highest values make the model worse. This paper
doesn’t find out the most quality model but compares the quality of
different lognormal models so we don’t need to leave out these
values. But by estimating the parameters with moment method was
the S statistic so bad that these 20 values weren’t used to get the
value of S statistic of model 3_m closer to the S statistics of other
models.

5 The quartiles and the 1%t and the 9™ deciles for the years 2000 —
2010 are published on http://www.ispv.cz/cz/Vysledky-setreni/
Archiv.aspx (AEIS2)



the lognormal distribution, more detailed analysis could use
two or more curves in a mixture (Pavelka 2009). In this
approach a data set is divided into two or more subgroups,
each subgroup is modeled by a (lognormal) probability
density and the final model is constructed as a weighted
average of component densities. Lower values of wage per
hour (the left part of the histogram) in non-business sector
should be modeled separately and the final model would be
probably better. Nevertheless all models seem to be suitable
for the modeling of the wage distribution of non-business
sector.

We can see from the figure that negative values of
parameter theta don't make estimated densities
inapplicable, as values of the densities are closed to 0 for
negative and very small positive values of x. In the case of
negative estimates of 8 its value are not interpretable.

Results for business sector

In this part the same five models were fitted into 10,000
observations from business sphere. Table 2 presents
estimates of parameters, the estimated values of the
theoretical characteristics and values of statistic S together
with sample characteristics. The best fit gives the model
3_qll which uses quantile method of estimation of the
parameters and chooses sample quartiles for the estimation.
The second model which uses the quantile method of
estimation of the parameters (3_ql) is also better than the
model 3_ml. The estimated theoretical characteristics of
mean, variance and modus are again underestimating
sample characteristics. In this case all values of estimated
parameters are closed and no negative value of parameter
theta occurs. From it follows that characteristics derived from
fitted models are similar.

Table 2: Business sector, second quarter of 2009. Estimates of
parameters and characteristics of level and variability (CZK),
values of S (12)
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The observed frequencies of wage per hour are shown in
Figure 3 and the fitted probability densities are shown in
Figure 4. The estimated densities are closed for all models
(except for two-parametric lognormal model) and all of them
seem to be suitable for the modeling of the wage distribution
of business sector especially in central part of values.

Figure 3: Histogram of wage per hour (CZK) in business sector in
the 2" quarter of 2009
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Figure 4: Estimated probability densities for business sector for
the 2" quarter of 2009
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In the Figure 5 best fitted densities are given for both sectors
together with histograms of samples in the same scale in
order to demonstrate quality of fits and differences in the
distributions between business and non-business spheres.

From the models in Figure 5 percentages of people with
hourly wage under average wage were evaluated as 60%
in business sector and 56% in non-business sector. To
compare with samples, there were 63% of values under the
mean in the sample of business sector and 57% in the
sample of non-business sector.

Figure 5: Comparison of the best models and sample wage
distributions in business (left) and non-business sector (right)

Source: own computations

Analysis of hourly wage distribution of business sector
in 2000 and 2010

ISAI has published quarterly selected quantiles of wage per
hour in business and non-business sector since 2000 on its
web site (TREXIMA, AEIS2). In this part we use quantile
method of estimation of unknown parameters to fit a
lognormal model to data for the fourth quarters of 2000 and
2010.

In the Table 3 the values of published quantiles (median,
first and last deciles) are given together with the mean value.
All wages in the text are nominal, in the Table 3 are also
given real values evaluated with the use of inflation rate 1.28
(CZS0).

Table 3: Quantiles of income distribution (in CZK) of business
sector

Period quantiles mean
1stdecile  Median  gingecile

4th quarter 2000 45,1 76,94 134,08 88,29

4th quarter 2010 real 54,63 96,98 187,58 118,76

4th quarter 2010 nominal 70,11 124,46 240,72 152,41

Source: TREXIMA, ISPV2, CZSO

Table 4 presents estimates of parameters and basic
characteristics for the models of wage distributions for 2000
and 2010. Comparing Table 4 with Table 3 we can see that
both models underestimate the mean. Sample and
estimated medians are equal, because sample median is
used for the estimation of parameters and on the web site



AEIS are not given sample modes to be compared with
estimated values. Expected value of nominal hourly wage
has increased by 70 per cent; 28 per cent was caused by
increasing of price level. Characteristics of variability
quantify wage inequality. Variance has nearly quadrupled
during ten years and it can be interpreted as relatively large
increase of non-uniformity of wages. It is also clear from
Figure 6 that the model for 2000 seems to be more
concentrated than the model for 2010 which shows
increasing the number of people with higher wage per hour.
Coefficient of variation increased from 45% in 2000 to 55%
in 2010.

Figure 7: Average gross nominal monthly wage (CZK) in the Czech
Republic, 2000-2010
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Table 4: Estimates of parameters and estimated characteristics
for lognormal models in business sector for 2000 and 2010
2000 2010R 2010NOM

Parameters o2 0,2082 0,352 0,352

n 4,2754 4,3761 4,6256

<] 5,0294 17,4523 22,3968
Characteristics  Mode 63,42 73,38 94,17

Xo5 76,94 96,98 124,46

E (X) 84,83 112,29 1441

JD(X) 38,39 61,61 79,06

Skewness 1,55 2,22 2,22

Kurtosis 7,58 12,9 12,9
Source: TREXIMA, CZSO

From fitted models the percentages of people with hourly
wage under expected value (average hourly wage) were
evaluated. The value has increased from 59% in 2000 to
62% in 2010. This fact was expected due to the increasing
of inequality.

Figure 6: Estimated densities of wage distribution of business
sector for 2000 and 2010

0,016

0,014

—2000

0,012

0,01 m—010R

0,008 2010NOM
0,006
0,004
0,002
U]

0

20 40 60 80 100 120 140 160 180 200 220 240 260 280 300

Source: own calculations

In Figure 7 average gross nominal wage (month, full time
equivalent) in the Czech Republic and its development since
2000 is shown. Business and non-business spheres are
distinguished and overall values for the Czech Republic are
shown. The values in the Figure are based on different
sources than data from previous parts of this text. Moreover
data dealing with public budgetary sector are included. For
the whole period of ten years nominal wages in the non-
business sector are higher than in business sector, from
2009 to 2010 the gap seems to decrease and the difference
is 576 CZK in 2010 in comparison with 1307 CZK in 2009
and the highest difference 1858 CZK in 2005. The
converging of average nominal wages in business and
non-business sector (or decreasing of the gap between
them) may be caused by Czech government austerity
politics and its direct influence on wages in non-business
sector. There was an annual decline of average gross
nominal monthly wage in non-business sector for the first
time in last ten years from 2009 to 2010.
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Conclusion

In the text three-parametric lognormal distribution is used
as a model of wage distribution in the Czech Republic.
Hourly wages are analysed separately for business and
non-business sector with satisfactory results especially in
central part of values of wages. This fact corresponds with
theoretical properties of lognormal distribution. Quality of
fitted models depends on the method of estimation of
unknown parameters even for large analysed samples
(10,000 observations) and values of estimated parameters
are very different (especially for non-business sphere). For
non-business sector the best fit provided method of
maximum likelihood, for business sector the best model was
obtained with the use of quantile method. For both fits
quantile method gave better fit with the use of quartiles than
deciles which does not correspond with theoretical
assumption (Johnson et all, (1994)). The percentage of
people with hourly wage under average is higher in business
sector (60-63%), in non-business sector this value is lower
by approximately 5%. In the wage distribution of non-
business sector appears local extreme in left part of
histogram which does not seems to be in business sector,
therefore non-business sector would be better modeled by
mixture of lognormal distribution.

Figure 7 was created with the use of data from the Czech
Statistical Office, these values are based on different survey
than Average Earnings Information System and it causes
differences in results. There was higher average gross
nominal monthly wage in non-business sector then in
business sector in Czech Republic, but the decline of wage
in non-business sector in 2010 signifies reduction of
difference between business and non-business sector.

Using the three-parametric lognormal distribution, three
models of income distribution are made for business sector
for 2000, 2010 nominal and 2010 related to prices of 2000.
The models use the quantile method of estimating the
parameters and quantiles are taken from the Average
Earnings Information System. The results show faster
increase of characteristics of the level than inflation rate
(inflation +28 per cent), 70% increase in expected value,
60% in the value of median, almost 50% in the value of
modus and the growth of inequality of wage distribution in
business sector between 2000 and 2010.

Models, constructed in the text, show an increase of
percentage of people with below-average hourly wage from
59% in 2000 to 62% in 2010 in business sector. Parameter
sigma in the model of nominal wage in 2010 equals
parameter sigma in model of real wage in 2010 and the
same works for skewness and kurtosis. This fact results
from the formulas for these moments because these



characteristics depend only on parameter sigma (Johnson
et all. (1994)). The comparison of models for nominal and
real wages in 2010 with the model of wages in 2000 shows
that the real increase of wages during the observed period
was not so great. Real increase of average hourly wage was
half compared to nominal increase, real increase of median
and mode was even less than one half of nominal increase.
Relatively high is the real increase of standard deviation
(and variance as well). Mean is undervalued by 4 CZK in
2000 and by 8 CZK in 2010 (nominal). This indicates the
possibility of increasing the undervaluing of some
characteristics with time when we use a three-parametric
lognormal model.
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