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USING OF CARTAN‘S MOVING FRAME METHOD IN

DIFFERENTIAL GEOMETRY OF SURFACES

Milo§ Karika'
College of Polytechnics, Jihlava, Czech Republic

ABSTRACT

The aim of this paper is to give basic geometrical
characteristics of sphere and torus, parameterization of
which is x(u,v) = (x1,(u,v), x2(u,v), x3(u,v)), but our interest
is concentrated mainly to Cobb-Douglas surfaces used in
economics. We are going to study these functions as regular
surfaces in R3. Applying the method of Cartan moving frame
we obtain geometrical description of Cobb-Douglas function
used in economy, parameterization of which has the form
x(u,v)=(u,v,A-urvF), where A=1,u>0,v>0and o, B e R.
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INTRODUCTION

Let U = R? be an open neighbourhood of a point (u,v) € U
and x : U — R%aregular map. A subset M c R? is called
a regular two dimensional surface in R? if for each p e M
there exist an open neighbourhood V of p € R® and a map

x:U— V»Mof an open set U =R?onto V » M such that
x is a differentiable homeomorphism and the differential
dXq: Tg(U) — Txg(M) is injective for all g € U, x(q) = p. Then
it is possible to choose in x(U) an orthonormal moving frame
{E1, E2, E3}in such a way that E4, E2 are tangent to x(U) and
Esis a non-vanishing normal to x(U).

Basic equations

We first discuss the Cartan structural equations for
a two-dimensional surface in R®. Differentiating a map x(u,v)
we obtain

dx = xudu + x,dv,
where xy, X, are tangent vector fields. Let us denote moving
frame {xu, x,, n} where n is a normal vector field, and
X, XX,

N(u,v)=

X, XX,

is a unit normal field. With respect to the orthonormal moving
frame {E1, E,, E3} we define forms
6, = Eidx = Ex,du + Ex\dv, i = 1,2,3. (1)

Since x, and x, are tangent to x(U) we have
Esdx = Ndx = 0 which implies 8; = 0.

Each vector E;: U < R®— R®is a differentiable function and
the differential dE;: Tq(U) — Txg(M) is a linear map. We may
write (using Einstein's notation) dE; = w;E;, where w; are
linear forms on R and since E; are differentiable wj; are nine
differentiable forms. We have
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dEl wll (012 a)13 El
dE, |=| @y @, oy || E, (2)
dE, oy o, ;) \E;
Differentiating equation E; - E; = §; where & is the Kronecker’s
symbol, we obtain
dEEj+ EidEj= wj+ wi=0.
Forms wj are antisymmetric
wi=0, wj=— i (3)
From (2) and (3) follows
dE, 0 o, o) (E
dE, |=| @ 0 ;|| E, (4)
dE, oy o, 0 E;

Forms dx and dE; have vanishing exterior derivatives, which
means

d?’x=0and d?E;=0, where i =1,2,3.
So we have

0=0d’x=dE1 601 +E1dO1+dE2 1 2+ E2d02. (5)
Substituting (4) into (5) we obtain
(0, + @, Ey) A 6, + EdO, +(0,,E, + 0, E; ) A 0, + Eyd 6, = 0. (6)
From (6) follows
(d6,+ @,y A6, E,+(d, + 0, A6 E, + (w5 A+, nO,)E;=0.  (7)

The linear independence of vectors E1, Ez, Ez and equation
(7) gives the following equations:

d6i= w12 1 6, (8)

d62= w21 1 04, (9)
0= w13 A 0 + w1 b, (10)
Exterior derivatives (4) gives:
0=d’E, =dw,E, - ,, AdE, +do,E, — o, ndE,,
dw,E,—w, A (coZIEl + a)23E3)+ wLEi—wo; A (a)31E1 + 032E2)= 0,
we have

(dw1z2 — @13 A w32)E2 + (dw1z — w12 A w23)E3=0.  (11)
From (11) follows

dw12 = 013 A W32, dw13 = W12 A ©23. (12)

Analogically we have
d’E,=dw, E, - @, N\dE,+ d 0, E,— 0, Ad E, =0,
dw, E — o, A (quz + a)|3E3)+ Oy Ey — 0y A (04, B + 0, E)) =0,

(13)

(d @ — 0y A ) Ey+(d 0y, — 0y A 00, E, =0,
From (13) follows

dwzs = w21 A w13, dwz1 = @23 A @31. (14)
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Equations (8), (9), (10), (12) and (14) are called Maurer-
Cartan structural equations. From equation (10) and
Cartan's lemma follows

s =a,0+a,0,, ©,=0,0+a,b,. (15)
From (15) and (12) we have
dw12 = 013 A W32 = =013 A 023
=—(a1161 + a1202) A (1201 + a2205). (16)

Equation (16) gives

doy, = aya, —ad, ) 6, 70,=—K 6,70,

where K = aira22 — o?12 is the Gaussian curvature.
Examples

Example 1. Sphere S? c R’

Local parameterization of the sphere S° < R’ is given
by the map x(u,v) = (r cos v cos u, r cos v sin u, r sin v),
where

(u,v)e(o,zﬁ)x(_g,g}

The moving frame is

Xy = (—r cosv sinu, r cosv cosu, 0) = r cos v(-sinu, cosu, 0),

Xv = r(=sin v cos u, — sin v sin u, cos v),

n = r?-cos v(cos u cos v, sin u cos v, sin v).

Orthonormal moving frame is

E;=(-sinu, cos u, 0),

E>= (- sin v cos u, — sin v sin u, cos v),

E3= (cos u cos v, sin u cos v, sin v).

The differential dE; equals

AE1=(-cos u,—sinu, 0),

4E1=(0, 0, 0),

dE; = (- cos u, — sin u, 0)du.

Forms w2 and w3 are

o, =dE, - E, = (sinvcos’ u +sinvsin® u) du = sinv du,

,; =dE, - E; = (—cosvcos’ u — cosvsin® u) du = —cos v du.

Analogically we have

0,E, = (sin vsinu, —sinvcosu, 0),

,E, =(~cosvcosu, —cosvsinu, —sinv).

dE, =(sinvsinu, —sinvcosu, 0)du +(~cosvcosu, —cosvsinu, —sinv)dv.

Forms w21 and w23 are

w,, =dE, -E = (7sin vsin®u —sinvcos’ u)du +( Sinu cos VoS U —Ccosu cos vsin u)dv
=—sinvdu,

@,, =dE, - E; = sinvsinu cosu cos v —sin vcosu sinu cos v )du
+(—cosvcosu-cosucosv—cosvsinusinucosv—sin’v )dv
= ( —cos” veos® u —cos’ vsin® u —sin’ v )dv
= ( —cos” v( cos® u +sin” u) —sin’ v )dv =—dv.

The differential dE3 equals

0,E, = (—sinucosv,cosucosv,O),

0,E, = (7 cosusinv,—sinusinv,cosv),

dE; = (7sinucosv,cosucosv,0)du +(- cosusinv,7sinusinv,cosv)dv.
Forms w37 and wsz are
w, =dE;-E, = (sin2 ucosv + cos’ ucosv)du +

+(sinucosusinv —sinusinvcosu)dv = cosvdu,

w,, =dE; - E, =(sinucosvsinvcosu—cosucosvsinvsinu )du+
+(cos® usin® v+sin’ usin® v+cos’ v) dv = dv.
The forms &; and 6, are
6, = E, (x,du + x,dv) =
=(—sinu,cosu,0)(~rcosvsinu, rcosvcosu,0)du
+(=sinu,cosu,0)(~rsinvcosu, —rsinvsinu, rcosv)dv
= (rsin® wcosv+rcos” ucosv)du
+( rsinucosusinv—rsinvsinucosu)dv
=rcosvdu,
0, = Ez(x“du+x‘,dv):

( sinvcosu, —sinvsinu,cosv)(—rsinucosv, rcosucosv,O)du

+(—sinvcosu, —sinvsinu,cosv)(~rcosusinv, —rsinusinv, rcosv)dv
:(rsinvcosusinucosv—rsinvsinucosucosv)du

+(rsin® vos® u +rsin® vsin® u + 7 cos® v)dv

=rdv.

From exterior product &; A & = r? cos v du 4 dv follows

du/\dv:% 6, 10,.
r’cosv

Further we have w31 A ws2= cosv du A dv, and

2

1 1
W3y AWy, =COSV———0, AO, =— 6, AO,.
r°cosv r

The equation w31 A w32 = K-01 A 6, where K is Gaussian
curvature gives

1
K=—.
2

Example 2. Torus T’ cR’

Local parameterization of the torus in R’ is given by the map
x(u,v) = ((a + b cos v)cos u, (a+b cos v) sin u, b sin v), where

a>b>0, ue(O,Z;r), ve(ﬁ,z[}
22

The moving frame has the form

x, =(a+bcosv)(~sinu,cosu, 0),

x, = b(=sinvcosu, —sinvsinu,cosv),

N = (cosu cosv,sinu cosv,sin v).

The orthonormal frame can be written in the form
E = (7sinu,cosu,0),

E, = (— sinvcosu,—sinvsinu,cos v),

E, =(cosucosv,sinucosv,sinv)

0,E, :(—cosu,—sinu,O),

d,E,=(0,0,0).

So dE, =(~cosu,~sinu,0) du.

Forms w2 and w3 are

w,=dE, -E, =
= (— cosu,—sinu ,O)du . (— sinvcosu,—sinvsinu ,cosv)
= (sinvcosZ u+sinvsin® u + O)du =sinvdu,

w,=dE, -E; =
=(~cosu,~sinu, 0)-(cosucosv,sinu cosv,sin v)du
=—cos’ ucosv—sin’ ucosv =—cosvdu.

Further we have

6, :El(x”dMertdv):

=(~sinu,cosu, 0)- [(a +bcosv)—sinu,cosu,0)du +b(fsinvcosu,fsinvsinu,cosv)dv]
=(a+bcosv)du +b[sinucosusinv—sinucosusinv+0Jdv
=(a+bcosv) du,



o, :Ez(x,,dquxvdv):
:(— sinvcosu,—sinvsin u,cosv)-
<[(a+bcos v)-(~sinu,cosu,0)du +b(~sinvcosu,—sin vsinu,cos v)dv]
:(a +bcosv)[sinvcosusinu—sinvsinucosu+0]du
+b[sin? veos?u +sin? vsin? u + cos? v | dv
=b[sin? v(cos” u +sin” u)+ cos v]dv=b dv.
We have
w,, =sinvdu,
6, =(a+bcosv)du, 6,=b dv,
6, A0, =b(a+bcosv)du A dv,
1

dundv=————-—6,10,,
bla+bcosv) °
dw, =—cosv du ndv,
da,=-——23""__ g r0,.
> bla+bcosv) N

The equation dw2 = —=K-01 A 02, gives the formula for
Gaussian curvature K
_ cosv
b(a+bcosv)
Example 3. Gaussian curvature of Cobb-Douglas surfaces

Let x(u,v)=(u,v,u* - v#), where u >0, v>0and ¢, S € R are
studied Cobb Douglas surfaces:

x(u,v) =(u, v, u” ~vﬁ),
(u” ~v”)u =a-u“t V7,
(u”’ -vﬂ)v =B-u” v,
The moving frame is
X, :(1, 0, a-u“'l‘vﬁ),
xv=(0, 1, ,B-u“~vﬁ’l),
n:(—a-ua’l-vﬁ, —B-u® v, 1).
Let us denote
A=1+a* -u**? V¥,
B=1+a’ w7 v + B u v,

Orthonormal moving frame has the form

el f
el v =)

£ :[7%5'”2%1.‘)2,&1 A ﬁ'uu'vﬁilj
’ JaJyB V4B’ J4JB |

£ :(—opu""-vﬂ -Bu vt J

’ VB JB 4B
We have
—a(a-1)-u**? v a-(a-1)-u*? v
0,E = 372 » 0, 372 g
A A
—at futet o foutt oy
0,E = 32 » 0, 32 >
A A

dE, =0,E, du+0,E dv,
[a~(a—l)~ﬂ~u2“’2~vw"]du+[a~ﬂz-uZ‘H ~v”’z]dv
AVB '
e (@—1)-u v ) du-|a-p -u=" v ]av
Ja-JB '

w, =dE,-E, =

@y =dE,-E, = —

Analogically we obtain

e -(a—l)vﬂ‘u&”} Vg B RVENY!

Wy, = T du+
+a2~ﬁ2 -u3“’2~v3ﬂ’z—ﬁ~(ﬂ—l)‘ua-vﬁ’2~A W
J4B ’

The exterior product of w3s and wsz is
P «(afl)«ﬂz Lttt a'ﬁ'(afl)'(ﬂfl)«uzmz 2y
4-B?

3 (1) B2 .ytet y2 _ 2 g2 22 2p2
o’ (a-1)-pu tAB}zaﬂu v AduAdv

By NV A1) 2e2 282 _ 2 p2 o 2a2 2p-2
a f(a-1)-(B-1)u B;} a -fu v it A dv

_a-p(a-B-a-p+l-a pu " v/
_ a-ﬂ~(—a—ﬂ+l)4u€”’2 W
7
Further we have 6 = Ex,du + Ex,dv, i = 1,2.
Specially
0, = E\x,du+E x,dv

1 a-u“ v )
= —,0,———||L,0,c-u"" v )du+
( 0 ]( )

@y N Oy = du ndv

- du ndv

du A dv.

Ty
+(ﬁ>0,4"‘ e J(OJ,/f-u“ )y
2a-1 241
=Hdu+udv.
Ja

Analogically we obtain
0, = E,x,du+E,x,dv=
a-Bur VP v w7 v g v
=(7 Jas JavB 7 V4B
+[7oz»ﬂ-uz"’l»vlﬂ" l+a? -2 v Bu* v
JaB Jays 7 JaiB

l+a? w22 +,32 LY 4
= V.

Javs
Finally we have

J(I,O,a»u"" -v”)dqu

J(O,l,ﬁu" -v"")dv

[N :ﬂiljdu Adv,

N

which means

du/\dv:LH1 N
B

=

The final result is

a-B-(l—a—p)u? v
( BZ) G, N0,.

The Gaussian curvature equals
a~ﬂ~(1—a—,8)-u2“’2 282
(1 + (Z2 .uzlz—z .v2/3 +ﬂ2 .um .vw—z)z

Wy Ny =

K=

Conclusion

Two economical examples served as an illustration of
Maurer-Cartan equations and we reached the following
results.

The Gaussian curvatures of the studied surfaces are:

Example 1: K =i

=
B
cosv
b-(a+bcosv)’
a~ﬂ~(l—a—ﬁ)~u2“’2 p2h-2
(+a® u™? ] + 5w _Vzﬁfz)z :

Example 2: K =

Example 3: K =
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